A CLASS OF RECONSTRUCTIBLE GRAPHS 
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Abstract. In this paper, we give a class of reconstructible graphs. 

1. Introduction 

The purpose of this paper is to give a class of reconstructible graphs. 
For a graph G and v G V{G), let N{v) = {u G V(G) \ uv G E{G)} 
and N[v] = N(v) U {v}. 

We prove the following theorem. 

Theorem 1.1. Let G be a graph with V(G) = {i>i, . . . , Vk, ■ ■ ■ , v n } 

(1 < k < n). Suppose that 

(i) \JUm\=V{G), 

(ii) \d(vi) — d(vj)\ > 1 for any i G {1, . . . , k} and j G {1, . . . , n}\{i} 
and 

(iii) A^!]nUL 2 iVh]=0. 
Then G is reconstructible. 

2. Proof of the theorem 

Let G be a graph with V(G) = {vi, . . . , v^, ■ ■ ■ , v n } (1 < k < n). 
Suppose that 

« \JtxN[vi]=V{Gl 

(ii) \d(vi) —d(vj)\ > 1 for any % G {1, . . . , k} and j G {1, . . . , n} \ {i} 
and 

(in) iVMnU- =2 iVk]=0. 

Let G' be a graph with V(G') = {v[, . . . , v' n } such that G — Vj = G' — v'j 
for any j G {1, . . . , n}. 

Here we note that d(vj) = d(vj) for any j G { 1 , . . . , n}. 
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Let fj'.G — Vj — > G' — v'j be an isomorphism for each j G {1, . . . , n}. 
Lemma 2.1. For each i G {1, . . . , k} and j G {1, . . . , n} \ {i}, 
(!) fj( v i) = v i and 

(2) ViVj G E(G) if and only ifv-v'j G E(G'). 

Proof. (1) We obtain that fjiyi) = v[ from (ii). 

(2) Suppose that v^Vj G E(G). Then d{yi, G — Vj) = d{yi) — 1, where 
d(vi] G—Vj) is the degree of Uj in G—Vj. Here either d(t> G'—v'A = d{v'^} 
or d{v[- G' - v'j) = d(v'i) - 1. Since G — Vj = G' — v' p d(v[- G' - v'-) = 
d{v[) - 1 by (ii). This means that vty G E(G'). Thus if v^j G £(G) 
then vftj G E(G'). By the same argument, we also can show the 
reverse. □ 

Lemma 2.2. 

oo \f l=1 m] = v{G'). 

(ii') \d{v$-dty)\ > 1 for any i G {1, . . . , fc} and j G {1, . . . , n}\{i}. 

(iii') ^K]nUL 2 iVK]=0. 

Proof, (ii') is obvious because d(f -,) = d(f j) for any j G {1, . . . , n}. 
(i') Let j G {1, . . . , n}. If j < k then vj. G N[v'j] and ^ G UjLi N Wi\- 

Suppose that k + 1 < j. Since G V(G) = U»=i by (i), there 
exists io G {1, . . . , k} such that Vj G N[vi ]. Then Uj Uj G E{G). By 
Lemma O (2), G E{G'), i.e., t£ G AT[^J C ULi^Kl- Thus 

Uti^K] = nG")- 

(iii') Suppose that there exists j G {1, . . . , n} such that ^- G -/V[i^] fl 

US=2 ^Kl- Then v 'j e N K\ n N i v io\ for some *o e {2, . . . , fc}. This 
means that v'^ G i?(G") and i^. G £(G'). By Lemma O (2), 
v x Vj G -E(G) and v io Vj G £"(G). Hence Uj- G iV[vi] n iV[^J. This 
contradicts (iii). Thus JV[v£] n |jf=2 ^Kl = 0- D 
Now fi : G — i>i —>■ G' — v[ is an isomorphism. We show that the 
map / : G — > G' defined by /(i>i) = i>i an d /(%) = fi( v j) f° r eacn 
j G {2, . . . , n} is an isomorphism. It is sufficient to prove that for each 
j G {2, . . . ,n}, ViVj G E(G) if and only if v'J^Vj) G E(G'). Here we 
note that v\Vj G E(G) if and only if Vj G N(vi), and v[fi(vj) G E{G') 
if and only if f\{vj) G iV(i4). Hence we show that fi{N{v\)) = N(v[). 
For each z G {2, . . . , fc}, by (iii) and (iii'), 

fi(N[vi}) = h{N[ Vl] G - Vl \) = NiMvi); G - v[] 
= N[v[-G'-v' 1 ] = N[v' i \. 
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Hence 

k 

f 1 (N(v l )) = f l (V(G-v 1 )-\jN[v l }) 

k 

= V(G'-v[)-\Jf 1 (N[v l ]) 

k 

= V(G'-v[)-[jN[v' i \ 

i=2 

= N(v[) 

by (i), (iii), (i') and (iii'). Thus fi(N( Vl )) = N(v[) and f : G —> G' is 
an isomorphism. Therefore G is reconstructible. 
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